The Thomson's Theorem states that static charge distributions in conductors show up at the conducting surfaces in an equipotential configuration, so that the electrostatic energy is a minimum. In this work we study an analogue statement for magnetic systems: in a given set of conductors, the stored magnetic field energy reaches the minimum value for superficial current distributions so that the magnetic vector potential is tangent to the conductors surfaces. This is the counterpart of Thomson's theorem for the magnetic field.
Introduction
According to Thomson's Theorem [1] , given a certain number of conductors each one with a given charge, the charges distribute themselves on the conductor surfaces in order to minimize the electrostatic energy.
The theorem can be proved by minimizing the electrostatic energy, which can be regarded as a functional, using the Euler-Lagrange equation for that functional. As a result of this variational procedure, the Laplace equation is obtained, ∇ 2 V = 0, equivalent to
Therefore, one concludes that, in the minimum energy state, the charges are distributed only on the conductor surfaces and not in any volume. Still, this result does not give any information about the superficial charge distribution. The complete proof of the Thomson's Theorem may be found in ref. [1] . For example, in a charged conducting sphere, the electric charges flow to the surface in order to reach the equilibrium state corresponding to the minimal energy which is attained when the distribution is isotropic [2] .
We explore a similar situation for the magnetic field: For a certain number of conductors each with a given current, the magnetic energy is a minimum for superficial current distributions so that the magnetic vector potential is tangent to the conductors surfaces.
We shall prove this statement by using a variational procedure for the magnetic field energy.
The proof of the theorem
The magnetic field energy stored in a given volume can be written in the following way:
The minimum of this functional with respect to variations of the vector potential leads to the Euler-Lagrange equations for the "Lagrangian" (the integrand function),
and it leads to
We can now use the general mathematical relation:
to conclude that the variational equation derived above yields
The minimum energy state is an equilibrium steady state and there are no time dependencies. Hence, from the general Maxwell equations and from the previous equation, one concludes that there are no currents distributed in volume in the minimum energy state. In the equilibrium situation the currents only flow in the conductors surfaces. However, this result does not supply any information regarding the behavior of the magnetic vector potential on the conducting surfaces. To achieve the desired result, an analogue proof of Thomson's Theorem given in [1] was carried on.
Let B be the true field and B + B ′ the field that arises when currents are held in a different configuration on the conduction surfaces. At this stage, the magnetic vector potential is not tangent to the conductors surfaces. However, the magnetic field remains maxwellian:
where B ′ + and B ′ − are the magnetic fields at any given point of the conductor surface in the outer and inner regions, respectively.
Since there are no currents in volume:
and therefore,
The next step is to prove that the integral of B · B ′ over all space outside and inside the conductors is zero. With A denoting the magnetic vector potential due to B,
According to Green's Theorem, this term may now be written as an integral over a sphere of infinite radius together with integrals over the surface of each conductor. The contribution from the sphere at infinity is zero for any finite current distribution. The contribution from any conductor is ( A× ( B If we write the energy U + U ′ , the new energy term reads:
It is clear that U ′ is always positive, i.e. the magnetic energy U in the actual configuration taken up by the currents is a true minimum. We may conclude that A indeed points in the direction of B 
Applications
The Minimum Magnetic Energy Theorem can be illustrated in simple systems such as the coaxial cable. For instance, a coaxial cable can be modeled by an outer cylindrical conducting surface with radius b, carrying an electric current I, and a massive cylindrical conductor with inner radius an a ′ (which can be zero) and outer radius a, carrying the same electric current in the opposite direction. The magnetic field is readily obtained using Ampere's Law:
Thus, the magnetic field energy on a length L of the cable is given by:
where x = a ′ a . The magnetic energy reaches the minimum when x → 1 which also minimizes f (x), as it is shown in Figure 1 . Hence, the magnetic energy shows its minimum value for a = a ′ or, in other words, when the current only flows at the conductor surface. Furthermore, the magnetic vector potential is tangent to the conducting surfaces. 
Generalization
So far, the minimum energy configuration has been analysed in this work only in conducting regions. Now, the same approach is applied to linear and isotropic polarized materials and to linear and isotropic magnetized materials. Starting with the dielectrics, the electrostatic energy may be divided into two terms corresponding to the polarized region and to the outer space:
Since the dielectric is linear and isotropic, the electric field E points in the direction of the electric displacement vector, D, and of the polarization vector p. Hence, the electric displacement and polarization vectors may be written as D = ∇f ( r) and p = ∇g( r) which transforms the inner energy into:
Minimizing the inner energy using the variational procedure:
which implies ∇· p = ρ p = 0 and ∇· D = ρ l = 0. These results are no surprise at all. In a linear and isotropic dielectric, the polarization charge density is always zero so that the charges only show up at the surface and, for sure, there are no distribution of free charges in the dielectric volume. An analogue approach can be done for materials with linear and isotropic magnetization. Similarly, the magnetic energy may be divided into two terms corresponding to the magnetized region and to the outer space:
Since the magnetization is linear and isotropic, the magnetic field B points in the direction of the H field and of the magnetization vector M . Hence, the H field and the magnetization vector M may be written as H = ∇ × f ( r) and M = ∇ × g( r) which transforms the interior energy into:
which implies ∇ × M = j m = 0 and ∇ × H = j l = 0. Again, these results are not surprising. In linear and isotropic magnetized materials, the magnetization current density is always zero, i.e. the magnetization currents are only present at the surfaces.
Comments
In conclusion, a system of electric currents in conductors reaches the minimum magnetic energy state when the currents flow in the conductors surfaces in a way that the magnetic vector potential is tangent to the conductors surfaces. This result may be regarded as a generalization of the Thomson's theorem: the electric charges move to the conductors surfaces not only to minimize the electrostatic energy but also the magnetic field energy. However, an important issue remains to be analysed. If the minimum magnetic energy state corresponds to superficial current flow, why does not the electric current flow at the surface in common conductors such as cooper or aluminium? For the simple reason that charge carriers are electrons constrained to a crystalline structure. Therefore, they are not free to move to the surfaces to minimize the system's magnetic energy. In the ideal vision of a conductor where the charge carriers were not attached to the structure, the electric currents would actually flow at the surface.
A relevant observation rises from the particular case of the coaxial cable. Although the energy is minimal for the superficial current flow, its derivative is not zero due to the constraint imposed by the boundary of the system. Still, this result is absolutely compatible with the Minimum Magnetic Energy Theorem since it only demands that the currents flow on the conductors surfaces in the minimum energy state so that the magnetic vector potential is tangent to the conductors surfaces. A similar analysis for an electrostatic distribution can be found in [2] .
The polarization charge density in linear and isotropic polarized materials and the magnetization current density in linear and isotropic magnetized materials are both zero so that the energy reaches a minimum value. To the best of our knowledge, this result is not expressed in literature and it is certainly a valuable teaching tool.
